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Binary Detection

Transmit a bit b ∈ {0, 1} in the presence of Gaussian noise

Received symbol Z = X + N, where N ∼ N (0, 1)

X Z

N

Use BPSK signalling: 0 → X = −a and 1 → X = a

a-a 0

fZ|X(z| − a) fZ|X(z|a)

Under hypothesis H0: Z ∼ N (−a, 1) and under H1: Z ∼ N (a, 1)
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Likelihood Ratio (LR) Test

Likelihood ratio test (LRT): If P(z)
Q(z) ≥ r (for some threshold r), declare H0.

One instance: If Z ≥ 0, declare X = a (Ĥ = H1), otherwise X = −a (Ĥ = H0).

a-a 0

fZ|X(z| − a) fZ|X(z|a)

Two types of errors for test T :

Type I error: α = Pr(guess H1|H = H0)

Type II error: β = Pr(guess H0|H = H1)
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a-a 0

fZ|X(z| − a)

Two types of errors for test T :

Type I error: α = Pr(guess H1|H = H0)

Type II error: β = Pr(guess H0|H = H1)

Jithin Ravi (IIT Kharagpur) Divergence Tests for Universal Hypothesis Testing September 2026 2 / 44



Likelihood Ratio (LR) Test

Likelihood ratio test (LRT): If P(z)
Q(z) ≥ r (for some threshold r), declare H0.

One instance: If Z ≥ 0, declare X = a (Ĥ = H1), otherwise X = −a (Ĥ = H0).
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Constraints on Type I Error

Suppose we want type I error α ≤ ϵ, for ϵ ∈ (0, 1)

a-a 0

fZ|X(z| − a)

z′

LRT can be modified as: If Z ≤ z ′, then H0; otherwise H1

Under α ≤ ϵ, study type II error β
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LR test for i.i.d. random variables

Also for i.i.d. copies of RV Z denoted by Z n = (Z1, . . . ,Zn)

The Likelihood Ratio Test for the setting: H0 : Z ∼ P and H1 : Z ∼ Q.

Declare H0 if Pn(zn)
Qn(zn) ≥ rn (for some rn). Declare H1 if Pn(zn)

Qn(zn) < rn

Also known as Neyman-Pearson Test[1]

LR test can be done for discrete random variables, e.g., testing Bernouli distributions

1 H0: Bern(p)

2 H1: Bern(q)

[1]J. Neyman and E. S. Pearson, “On the problem of the most efficient tests of statistical hypotheses,” Philosophical Transactions of the Royal Society of London. Series A, Containing Papers of
a Mathematical or Physical Character, vol. 231, no. 694-706, pp. 289–337, Feb. 1933
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Composite Binary Hypothesis Testing

Observe Z n = (Z1, . . . ,Zn) - i.i.d. copies of RV Z ∈ Z = {a1, . . . , ak}, k ≥ 2

Different settings Null hypothesis vs. Alternative hypothesis

Classical Setting H0 : Z ∼ P H1 : Z ∼ Q

Composite setting H0 : P ∈ P H1 : Q ∈ Q

Our focus H0 : P = {P} H1 : Q = Pc

P is known Q can be anything except P (Goodness-of-Fit test)

Classical Setting: H0: Bern(1/3) vs. H1: Bern(2/3)

Composite Setting: H0: Bern(p), p ∈ ( 14 ,
1
3 ) vs. H1: Bern(q), q ∈ ( 23 ,

3
4 )

Our focus: H0: Bern(1/3) vs. H1: Bern(q), q ̸= 1/3
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Different Asymptotic Regimes

Consider the setting: H0 : Z ∼ P and H1 : Z ∼ Q.

Type I error: αn = Pr(guess H1|H = H0); Type II error: βn = Pr(guess H0|H = H1)

Chernoff regime:

Exponential decay for αn and βn: i.e., αn ≈ e−λn and βn ≈ e−γn for λ > 0, γ > 0.

For a given λ > 0, if lim
n→∞

− 1
n lnαn(Tn) ≥ λ, maximize

lim
n→∞

−1

n
lnβn(T

NP
n )

Stein’s regime:

Exponential decay only for βn

For ϵ ∈ (0, 1), if αn(Tn) ≤ ϵ as n → ∞, then maximize

lim
n→∞

−1

n
lnβn(Tn)
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Likelihood Ratio Test: Stein’s Regime

The Likelihood Ratio Test for the setting: H0 : Z ∼ P and H1 : Z ∼ Q.

Declare H0 if Pn(zn)
Qn(zn) ≥ rn (for some rn). Declare H1 if Pn(zn)

Qn(zn) < rn

Chernoff-Stein lemma: For ϵ ∈ (0, 1), if αn(T
NP
n ) ≤ ϵ as n → ∞, then

lim
n→∞

−1

n
lnβn(T

NP
n ) = DKL(P∥Q)

where DKL is the Kullback-Leibler (KL) divergence

lim
n→∞

− 1
n lnβn(T

NP
n ) is also known as the error exponent; βn(T

NP
n ) ≈ e−nDKL(P∥Q)

Our focus: H0 : P = {P} H1 : Q = Pc under Stein’s regime
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The Hoeffding Test

The Hoeffding Test: Suitable for H0 : P = {P} vs. H1 : Q = Pc

TZ n = (TZ n(a1), . . . ,TZ n(ak))
T - type (empirical distribution) of Z n, TZ n(ai ) =

#ai in Z n

n

The Hoeffding[2] test TH
n (r):

If DKL(TZ n∥P) < rn for some rn, then accept H0; else accept H1

Hoeffding test does not require the knowledge about Q

The Hoeffding test is the Generalized Likelihood Ratio Test (GLRT) in this setting

H0 : θ0 = P vs. H1 = Θ \ {θ0}
GLRT Test statistic T (z):

T (z) = −2 ln
L(θ0|z)
L(θ̂|z)

= DKL(TZ n∥P)
L(θ̂|z) = sup

θ∈Θ
L(θ|z), L(θ|z)− Likelihood function

[2]W. Hoeffding, “Asymptotically optimal tests for multinomial distributions,” The Annals of Mathematical Statistics, pp. 369–401, Apr. 1965
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The Hoeffding Test: GLRT

The Hoeffding test achieves

lim
n→∞

−1

n
lnβn(T

H
n ) = DKL(P∥Q)

Thus, − lnβ(TH
n ) = nDKL(P∥Q) + o(n). The Hoeffding test is first-order optimal.

How about finer asymptotics?

For any test Tn:

First-order term: β′(Tn) ≜ lim
n→∞

− 1
n lnβn(Tn)

Second-order term: β′′(Tn) ≜ lim
n→∞

− ln βn(Tn)−nβ′(Tn)√
n

β′(TH
n ) = DKL(P∥Q)

What is β′′(TH
n ) =?
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Finer Asymptotics of Type II error of LR Test

Refined asymptotics for the LR test: For αn(T
NP
n ) ≤ ϵ, type II error satisfies[3]

− lnβn(T
NP
n ) = nDKL(P∥Q)−

√
nVKL(P∥Q)Q−1(ϵ) + o(

√
n)

▶ Q−1(·) - the inverse of the tail probability of the standard Normal distribution

▶ VKL(P∥Q) - divergence variance:

VKL(P∥Q) ≜
∑
i

Pi

[(
ln

Pi

Qi
− DKL(P∥Q)

)2
]

▶ o(
√
n) - terms which grows smaller than

√
n

For Neyman-Pearson test TNP
n :

β′(TNP
n ) = DKL(P∥Q)

β′′(TNP
n ) = −

√
VKL(P∥Q)Q−1(ϵ)

[3]V. Y. Tan, “Asymptotic estimates in information theory with non-vanishing error probabilities,” Foundations and Trends® in Communications and Information Theory, vol. 11, 2014
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Second-order Asymptotics of the Hoeffding Test [4]

Theorem

For 0 < ϵ < 1, there exists a sequence rn satisfying αn(T
H
n (rn)) ≤ ϵ such that, as n → ∞,

− lnβn(T
H
n (rn)) = nDKL(P∥Q)−

√
nVKL(P∥Q)Q−1

χ2
k−1

(ϵ) + o(
√
n).

Qχ2
m
(·): tail probability of χ2 RV with m degrees of freedom.

LR test: − lnβn(T
NP
n ) = nDKL(P∥Q)−

√
nVKL(P∥Q)Q−1(ϵ) + o(

√
n)

Lemma
For 0 < ϵ < 1 and η = 1, 2, . . .√

Q−1
χ2
η+1

(ϵ) >
√
Q−1

χ2
η
(ϵ) > Q−1(ϵ) Q−1(ε)

Qχ2,2
−1 (ε)

Qχ2,4
−1 (ε)

Qχ2,7
−1 (ε)

Qχ2,11
−1 (ε)

0

1

2

3

4

5

0.00 0.25 0.50 0.75 1.00
ε

In
ve

rs
e 

Q
−

fu
nc

tio
n

[4]K. V. Harsha, J. Ravi, and T. Koch, “Second-order asymptotics of hoeffding-like hypothesis tests,” in 2022 IEEE Information Theory Workshop (ITW), 2022, pp. 654–659
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Performance Comparison of Second Order Terms

− 1
n lnβn(T

H
n (rn)) ≈ DKL(P∥Q)−

{√
VKL(P∥Q)

n Q−1(ϵ),

√
VKL(P∥Q)

n Q−1
χ2
k−1

(ϵ)

}

P = (0.15, 0.6, 0.25)

Q = (0.45, 0.15, 0.4)

ϵ = 0.02

1

1 100 200 300 400 500
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Hoeffding test

Neyman-Pearson test

DKL(PkQ)

n
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Key tools used in the proofs

LR test: − lnβn(T
NP
n ) = nDKL(P∥Q)−

√
nVKL(P∥Q)Q−1(ϵ) + o(

√
n)

Key tool: Central limit theorem - when Z n i.i.d. P∑n
i=1 log

P(Zi )
Q(Zi )

− nDKL(P∥Q)√
nVKL(P∥Q)

d→ N (0, 1) as n → ∞

Hoeffding Test: − lnβn(T
H
n (rn)) = nDKL(P∥Q)−

√
nVKL(P∥Q)Q−1

χ2
k−1

(ϵ) + o(
√
n)

Key tool: use Wilks’s theorem[5] that when Z n i.i.d. P

2nDKL(TZ n∥P) d→ χ2
|Z|−1 as n → ∞

Needs Berry–Esseen type convergence results

Thanks to Shun Watanabe, Tokyo University of Agriculture and Technology, Japan

[5]S. S. Wilks, “The large-sample distribution of the likelihood ratio for testing composite hypotheses,” The annals of mathematical statistics, vol. 9, no. 1, pp. 60–62, 1938
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Key tools used in the proofs

LR test: − lnβn(T
NP
n ) = nDKL(P∥Q)−

√
nVKL(P∥Q)Q−1(ϵ) + o(

√
n)

Key tool: Central limit theorem - when Z n i.i.d. P∑n
i=1 log

P(Zi )
Q(Zi )

− nDKL(P∥Q)√
nVKL(P∥Q)

d→ N (0, 1) as n → ∞

Hoeffding Test: − lnβn(T
H
n (rn)) = nDKL(P∥Q)−

√
nVKL(P∥Q)Q−1

χ2
k−1

(ϵ) + o(
√
n)

Key tool: use Wilks’s theorem[5] that when Z n i.i.d. P

2nDKL(TZ n∥P) d→ χ2
|Z|−1 as n → ∞
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Extending to other divergences: Divergence Test

Wilks’s result and other properties of KL also hold for divergences like Rényi divergence

nDR(TZ n∥P) d→ χ2
|Z|−1 as n → ∞

Can we extend the test to other divergences: Hoeffding-like test?

Divergence test TD
n (r) for testing H0 : P = {P}, H1 : Q = Pc

Upon observing zn,

if D(Tzn∥P) ≤ rn (for some rn > 0), then accept H0

if D(Tzn∥P) > rn, then accept H1
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Divergence

Let P(Z) be the set of positive probability distributions.

For any T = (T1, . . . ,Tk) ∈ P(Z), let T = (T1, . . . ,Tk−1).

We follow the definition of divergence from information geometry[6]

Definition

A divergence D : P(Z)× P(Z) → [0,∞) between T and R, denoted by D(T∥R) or D(T∥R), is a
smooth function of T and R satisfying the following conditions:

1 D(T∥R) ≥ 0 for every T ,R ∈ P(Z).

2 D(T∥R) = 0 if, and only if, T = R.

3 When T = R+ ε, the Taylor expansion of D satisfies

D(R+ ε∥R) = 1

2

k−1∑
i,j=1

gij(R)εiεj + O(∥ε∥32), as ∥ε∥2 → 0

for some positive-definite matrix G (R) = [gij(R)] and ε = (ε1, . . . , εk−1)
T.

[6]S.-I. Amari, Information geometry and its applications. Springer, 2016, vol. 194
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Main Result: Second-order Asymptotics of the Divergence Test

From the 3rd condition: D(T∥R) = (T− R)TAD,R(T− R) +O(∥T− R∥32), as ∥T− R∥2 → 0.

Theorem

There exists a threshold value rn (which depends on n) satisfying αn(T
D
n (rn)) ≤ ϵ,

− lnβn(T
D
n (rn)) = nDKL(P∥Q)−

√
n
√
cTA−1

D,Pc
√
Q−1

χ2
λ,k−1

(ϵ) + o(
√
n).

1 ci ≜ ln
(

Pi

Qi

)
− ln

(
Pk

Qk

)
, i = 1, . . . , k − 1

2 Qχ2
λ,k−1

(·): tail probability of generalized chi-squared RV ψ ∼ χ2
w,m

ψ =
∑m

i wiΓi , w = (w1, . . . ,wm): weight vector; Γi - a χ
2 RV with 1 degree of freedom

3 λ: vector containing eigenvalues of Σ
−1/2
P AD,PΣ

−1/2
P , ΣP is the Fisher Information matrix

ΣP(i , j) =

{
1
Pi

+ 1
Pk
, for i = j

1
Pk
, for i ̸= j .
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Two Classes of Divergences

If AD,P = ηΣP (for some η > 0), then Σ
−1/2
P AD,PΣ

−1/2
P is a multiple of identity matrix.

Invariant Divergence (Information Geometry)

For some η > 0, if AD,P = ηΣP, where

ΣP(i , j) =

{
1
Pi

+ 1
Pk
, for i = j

1
Pk
, for i ̸= j .

Examples of invariant divergence

1 f-divergence (includes KL
divergence)

2 Rényi Divergence

For invariant divergence D: Consider
√

cTA−1
D,Pc

√
Q−1

χ2
λ,k−1

(ϵ)

▶ cTA−1
D,Pc = 1

η
VKL(P∥Q)

▶ Eigenvalues of Σ
−1/2
P AD,PΣ

−1/2
P are the same. Q−1

χ2
λ,k−1

(ϵ) becomes ηQ−1

χ2
k−1

(ϵ)

If D is invariant, then the second-order performance is same as that of the Hoeffding test, i.e.,√
cTA−1

D,Pc
√
Q−1

χ2
λ,k−1

(ϵ) =
√
VKL(P∥Q)Q−1

χ2
k−1

(ϵ)
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Invariant and Non-invariant Divergences

Non-invariant Divergence: A divergence that is not invariant

Examples of non-invariant divergence:

1 Squared Mahalanobis distance:

DSM(T∥R) ≜ (T− R)TWR(T− R), WR ̸= ηΣR

2 Some of the Bregman Divergences associated with ϕ (Itakura-Saito divergence):

Dϕ(T∥R) = ϕ(T)− ϕ(R)− (T− R)T∇ϕ(R)

where ∇ϕ(R) denotes the gradient of ϕ evaluated at R

3 Sundaresan divergence (2007): For α > 0,

∆α(T∥R) = α

1− α
ln
∑
x

T (x)R(x)α−1 − 1

1− α
ln
∑
x

T (x)α + ln
∑
x

R(x)α
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Divergence Test: Extension of Wilks’s theorem

Convergence to a generalized χ2 RV

nD(TZ n∥P) d→ χ2
λ,|Z|−1 as n → ∞

For more details...

K. V. Harsha, J. Ravi, and T. Koch, “On the second-order asymptotics of the Hoeffding test and other
divergence tests,” IEEE Trans. Inf. Theory, Oct. 2025
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On the Second-Order Asymptotics of the Hoe↵ding
Test and Other Divergence Tests

K. V. Harsha , Jithin Ravi , Member, IEEE, and Tobias Koch , Senior Member, IEEE

Abstract—Consider a composite hypothesis testing problem
where the test has access to the null hypothesis P but not to
the alternative hypothesis Q. The generalized likelihood-ratio test
(GLRT) for this problem is the Hoe↵ding test, which accepts P
if the Kullback-Leibler (KL) divergence between the empirical
distribution of Zn and P is below some threshold. This paper
proposes a generalization of the Hoe↵ding test, termed divergence
test, for which the KL divergence is replaced by an arbitrary
divergence. For this test, the first and second-order terms of
the type-II error probability for a fixed type-I error probability
are characterized and compared with the error terms of the
Neyman-Pearson test, which is the optimal test when both P
and Q are known. It is demonstrated that, irrespective of the
divergence, divergence tests achieve the first-order term of the
Neyman-Pearson test. In contrast, the second-order term of
divergence tests is strictly worse than that of the Neyman-
Pearson test. It is further demonstrated that divergence tests
with an invariant divergence achieve the same second-order
term as the Hoe↵ding test, but divergence tests with a non-
invariant divergence may outperform the Hoe↵ding test for
some alternative hypotheses Q. This implies that the GLRT
may have a second-order asymptotic performance that is strictly
suboptimal.

Index Terms—Composite hypothesis testing, divergence, diver-
gence test, generalized likelihood ratio test, Hoe↵ding test,
hypothesis test, second-order asymptotics.
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I. INTRODUCTION

STATISTICAL hypothesis testing is known to have appli-
cations in areas such as information theory, signal

processing, and machine learning; see, e.g., [1], [2], [3],
[4], [5], [6]. The most simple form of hypothesis testing is
binary hypothesis testing, where the goal is to determine the
distribution of a random variable Z between a null hypothesis
P and an alternative hypothesis Q. There can be two types
of errors in binary hypothesis testing: The type-I error is
the probability of declaring the hypothesis as Q when the
true distribution is P. The type-II error is the probability of
declaring the hypothesis as P when the true distribution is Q.
We are interested in analyzing the trade-o↵ between these two
types of errors for a given test, which may have full or only
partial access to the distributions P and Q.

When both P and Q are known, the likelihood-ratio test (also
known as Neyman-Pearson test [7]) achieves the optimal trade-
o↵ between type-I and type-II error. The Neyman-Pearson
test, denoted by TNP

n , is also studied in an asymptotic setting,
where one observes n independent and identically distributed
(i.i.d.) copies Zn and the errors are analyzed asymptotically
as n tends to infinity. In this case, we are often interested in
the exponential decay of the type-II error �n when the type-I
error either satisfies ↵n  ✏ (referred to as Stein’s regime) or
↵n  e�n� (referred to as Cherno↵ regime).

The case where only partial knowledge of P and Q is
available is studied under the name of composite hypothesis
testing [8]. Composite hypothesis tests that achieve the optimal
trade-o↵ between type-I and type-II error are unknown except
in some special cases. Instead, it is common to consider the
generalized likelihood-ratio test (GLRT) [5], which compares
the likelihood of the best approximation of P with the likeli-
hood of the best approximation of Q. The GLRT specializes
to the likelihood-ratio test when P and Q are known.

In this paper, we consider the case where P is known but Q
is not. This problem is sometimes referred to as the universal
hypothesis testing problem or the goodness of fit problem. For
this case, the GLRT is the Hoe↵ding test [9], denoted by
TDKL

n (r), which accepts P if DKL(PZnkP) < r, for some r > 0,
and otherwise accepts Q. Here, PZn is the type (the empirical
distribution) of Zn and DKL(PkQ) is the Kullback-Leibler (KL)
divergence between P and Q [10]. The Hoe↵ding test achieves
the same error exponent limn!1 � 1

n ln �n as the Neyman-
Pearson test both in Stein’s regime and in the Cherno↵ regime;
see, e.g., [9], [11], [12], [13], [14]. Hence, the Hoe↵ding test
is optimal with respect to the error exponent despite its lack of
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invariant divergence may outperform the Hoe↵ding test for
some alternative hypotheses Q. This implies that the GLRT
may have a second-order asymptotic performance that is strictly
suboptimal.

Index Terms—Composite hypothesis testing, divergence, diver-
gence test, generalized likelihood ratio test, Hoe↵ding test,
hypothesis test, second-order asymptotics.
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Gregorio Marañón Health Research Institute, 28007 Madrid, Spain (e-mail:
tkoch@ing.uc3m.es).

Communicated by L. Yu, Associate Editor for Shannon Theory and Infor-
mation Measures.

Color versions of one or more figures in this article are available at
https://doi.org/10.1109/TIT.2025.3588194.

Digital Object Identifier 10.1109/TIT.2025.3588194

I. INTRODUCTION

STATISTICAL hypothesis testing is known to have appli-
cations in areas such as information theory, signal

processing, and machine learning; see, e.g., [1], [2], [3],
[4], [5], [6]. The most simple form of hypothesis testing is
binary hypothesis testing, where the goal is to determine the
distribution of a random variable Z between a null hypothesis
P and an alternative hypothesis Q. There can be two types
of errors in binary hypothesis testing: The type-I error is
the probability of declaring the hypothesis as Q when the
true distribution is P. The type-II error is the probability of
declaring the hypothesis as P when the true distribution is Q.
We are interested in analyzing the trade-o↵ between these two
types of errors for a given test, which may have full or only
partial access to the distributions P and Q.

When both P and Q are known, the likelihood-ratio test (also
known as Neyman-Pearson test [7]) achieves the optimal trade-
o↵ between type-I and type-II error. The Neyman-Pearson
test, denoted by TNP

n , is also studied in an asymptotic setting,
where one observes n independent and identically distributed
(i.i.d.) copies Zn and the errors are analyzed asymptotically
as n tends to infinity. In this case, we are often interested in
the exponential decay of the type-II error �n when the type-I
error either satisfies ↵n  ✏ (referred to as Stein’s regime) or
↵n  e�n� (referred to as Cherno↵ regime).

The case where only partial knowledge of P and Q is
available is studied under the name of composite hypothesis
testing [8]. Composite hypothesis tests that achieve the optimal
trade-o↵ between type-I and type-II error are unknown except
in some special cases. Instead, it is common to consider the
generalized likelihood-ratio test (GLRT) [5], which compares
the likelihood of the best approximation of P with the likeli-
hood of the best approximation of Q. The GLRT specializes
to the likelihood-ratio test when P and Q are known.

In this paper, we consider the case where P is known but Q
is not. This problem is sometimes referred to as the universal
hypothesis testing problem or the goodness of fit problem. For
this case, the GLRT is the Hoe↵ding test [9], denoted by
TDKL

n (r), which accepts P if DKL(PZnkP) < r, for some r > 0,
and otherwise accepts Q. Here, PZn is the type (the empirical
distribution) of Zn and DKL(PkQ) is the Kullback-Leibler (KL)
divergence between P and Q [10]. The Hoe↵ding test achieves
the same error exponent limn!1 � 1

n ln �n as the Neyman-
Pearson test both in Stein’s regime and in the Cherno↵ regime;
see, e.g., [9], [11], [12], [13], [14]. Hence, the Hoe↵ding test
is optimal with respect to the error exponent despite its lack of
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Observations on the Divergence Test

1 The divergence test is first-order optimal (irrespective of D).

2 When D is invariant, it has the same second-order performance as the Hoeffding test, given by√
VKL(P∥Q)Q−1

χ2
k−1

(ϵ)

3 Second-order performance is always worse than the NP test, i.e., for every D and 0 < ϵ < 1,√
cTA−1

D,Pc
√
Q−1

χ2
λ,k−1

(ϵ) >
√

VKL(P∥Q)Q−1(ϵ)

4 Depending on D,P,Q, ϵ

√
cTA−1

D,Pc
√

Q−1
χ2
λ,k−1

(ϵ) ≶
√

VKL(P∥Q)Q−1
χ2
k−1

(ϵ)

▶ Test with a non-invariant D can outperform the Hoeffding test
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Numerical Results: Setup

Ternary observations (|Z| = 3) and ϵ = 0.02

3 hypothesis tests:

1 likelihood ratio test / NP test

2 Hoeffding test (DKL)

3 D is squared Mahalanobis distance

WP(i , j) =

{
1

2P2
i
+ 1

2P2
k
, i = j

1
2P2

k
, i ̸= j .

1 − 1
n lnβn(T

NP
n (rn)) ≈ DKL(P∥Q)−

√
VKL(P∥Q)

n Q−1(ϵ)

2 − 1
n lnβn(T

H
n (rn)) ≈ DKL(P∥Q)−

√
VKL(P∥Q)

n Q−1
χ2
k−1

(ϵ)

3 − 1
n lnβn(T

SM
n (rn)) ≈ DKL(P∥Q)−

√
cTA−1

D,Pc

n Q−1
χ2
λ,k−1

(ϵ)
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Numerical Results: Second-Order Performance
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Ratio of Second-Order Terms: Changes with P

ρ(P,Q, ϵ) =

√
cT(WP)−1c

√
Q−1

χ2
λ,2

(ϵ)√
VKL(P∥Q)

√
Q−1

χ2
2
(ϵ)

, for ϵ = 0.02
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is better

Divergence test
is better
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Ratio of Second-Order Terms: Changes with ϵ

ρ(P,Q, ϵ) =

√
cT(WP)−1c

√
Q−1

χ2
λ,2

(ϵ)√
VKL(P∥Q)

√
Q−1

χ2
2
(ϵ)

, for P = (0.1, 0.3, 0.6)

Hoeffding test
is better

Divergence test
is better

1

1

1 1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Q1

Q
2

0.9

0.95

1

1.05

1.1

1.15

1.2

ϵ = 0.02

Hoeffding test
is better

Divergence test
is better

1

1

1

1

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Q1

Q
2

0.9

0.95

1

1.05

1.1

1.15

1.2

ϵ = 0.5
Jithin Ravi (IIT Kharagpur) Divergence Tests for Universal Hypothesis Testing September 2026 24 / 44



Binary Hypothesis Testing on Two Samples/Sequences

From One-Sample to Two-Sample Test
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Binary Hypothesis Testing on Two Samples

One-Sample Test: Observe one i.i.d. seqeunce Z n = (Z1, . . . ,Zn), where |Z| = k

Classical Setting: H0 : P vs. H1 : Q

P
Q

Classical Testing Problem

P

Goodness-of-Fit Testing Problem

Q

Goodness of Fit Test: H0 : P vs. H1 : Q = P \ {P}

Two-Sample Test: Observe two independent i.i.d. sequences

X n = (X1, . . . ,Xn) and Y n = (Y1, . . . ,Yn)
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Two-Sample Test

Two-Sample Test: Observe two independent i.i.d. sequences X n and Y n

Sequence xn with n = 100:

0 1 0 0 0 1 0 0 1 0 0 0 1 0 0 1 0 0 0 1 0 0 1 0 0 0 1 0 0 1 0 0 0 1 0 0 1 0 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0

0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 1 0 0 1 0 0 0 1 0 0 1 0 0 0 1 0 0 1 0 0 0 1 0 0 1 0 0 0 1 0 0

Sequence yn with n = 100:

1 0 0 0 1 0 0 1 0 0 0 1 0 0 0 0 1 0 0 1 0 0 0 1 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0 1 0 0 0 1 0 0 1 0 0 0 0

1 0 0 1 0 0 1 0 0 0 0 1 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 1 0 0 0

X n i.i.d. Bern(p) and Y n i.i.d. Bern(q)

xn contains 32 ones and 68 zeros; yn contains 26 ones and 74 zeros

Can we conclude p = q? (Homogeneity Test)

Applications of the 2-sample test:
▶ Safety of drinking water in two areas:
▶ H0: Safety levels are the same; H1: they differ
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Problem Formulation: Two-Sample Test

X and Y are independent and take values in the same finite alphabet Z
X n = (X1, . . . ,Xn) i.i.d. according to P1 and Y n = (Y1, . . . ,Yn) i.i.d. according to P2.

Consider the setting: H0 : P1 = P2 = P and H1 : P1 ̸= P2.

A test Tn decides Ĥ; Tn : Zn ×Zn → {H0,H1} without any knowledge of P1 and P2

A(Tn) denote the acceptance region for H0

A(Tn) = {(xn, yn) : (xn, yn) ∈ Zn ×Zn,Tn(x
n, yn) = H0}

A test Tn will result in two types of errors

Type I Error: αn(Tn) ≜
∑

(xn,yn)/∈A(Tn)

P(xn)P(yn)

Type II Error: βn(Tn) ≜
∑

(xn,yn)∈A(Tn)

P1(x
n)P2(y

n)
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Asymptotics: Chernoff regime (Gutman Test)

Chernoff regime:

Exponential decay for αn and βn: i.e., αn ≈ e−λn and βn ≈ e−γn for λ > 0, γ > 0.

For a given λ > 0, if lim
n→∞

− 1
n lnαn(Tn) ≥ λ, maximize lim

n→∞
− 1

n lnβn(Tn)

Gutman Test [7]

PX n and PY n denote the types (empirical distributions) of sequences X n and Y n

If Jensen-Shannon (JS) divergence DJS(PX n∥PY n) < r , then H0 is accepted; else H1 is accepted.

The JS divergence between distributions T and R is defined as

DJS(T∥R) =
1

2
DKL

(
T

∥∥∥∥ T + R

2

)
+

1

2
DKL

(
R

∥∥∥∥ T + R

2

)
Gutman obtained maximum of lim

n→∞
− 1

n lnβn(Tn) as a function of λ.

[7]M. Gutman, “Asymptotically optimal classification for multiple tests with empirically observed statistics,” IEEE Transactions on Information Theory, vol. 35, no. 2, pp. 401–408, Mar. 1989
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Stein’s Regime: Gutman Test

Stein’s regime:

Exponential decay only for βn, βn ≈ e−γn

For ϵ ∈ (0, 1), if αn(Tn) ≤ ϵ as n → ∞, then maximize β′ = lim
n→∞

− 1
n lnβn(Tn)

Stein’s regime of Gutman test [8][9]

DJS(PX n∥PY n) < rn, then H0 is accepted (PX n and PY n are the types)

Choose rn = Θ(1/n); β′
GT is twice the Bhattacharyya distance between P1 and P2, DB(P1,P2)

DB(P1,P2) = − ln
(∑
z∈Z

√
P1(z)P2(z)

)
β′
GT is also characterized by the following minimization over all distributions P(Z) on Z

β′
GT = min

P∈P(Z)

{
DKL(P∥P1) + DKL(P∥P2)

}
= 2DB(P1,P2)

Also shown that 2DB(P1,P2) is the maximum β′(Tn) among all tests

[8]L. Zhou, V. Y. F. Tan, and M. Motani, “Second-order asymptotically optimal statistical classification,” Information and Inference: A Journal of the IMA, vol. 9, no. 1, pp. 81–111, Mar. 2020

[9]S. Zhu, B. Chen, Z. Chen, and P. Yang, “Asymptotically optimal one- and two-sample testing with kernels,” IEEE Transactions on Information Theory, vol. 67, no. 4, pp. 2074–2092, Apr. 2021
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Our Work: Stein’s regime of Two-Sample Test

Our work addresses two questions:

1 Why JS divergence? How about other divergences?

2 What about finer asymptotics due to the finite-sample size

− lnβn(Tn) = n2DB(P1,P2) + o(n)

Can we find finer asymptotic term o(n)?

Type I Error (Same distribution; declared different): αn(Tn) ≜
∑

(xn,yn)/∈A(Tn)

P(xn)P(yn)

Type II Error (Different distributions; declared same): βn(Tn) ≜
∑

(xn,yn)∈A(Tn)

P1(x
n)P2(y

n).

Consider tests Tn such that αn(Tn) ≤ ϵ as n → ∞ and analyse lim
n→∞

− lnβn(Tn)

Thanks to Prof. Srikrishna Bhashyam (IIT Madras) for the initial discussions
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2-Sample Test as a Composite Hypothesis Test

P
Q

Classical Testing Problem

Composite Testing Problem

P Q

P(Z)

H0 : P ∈ C

Robust Goodness of Fit (GoF) Test

H1 : P ∈ Cc

C

A Case of Composite Hypothesis Testing

H0 : θ ∈ Θ0 vs. H1 : θ ∈ Θ \Θ0

L(θ|z) - Likelihood function

L(θ̂0|z) = sup
θ∈Θ0

L(θ|z),

L(θ̂|z) = sup
θ∈Θ

L(θ|z).

Generalized Likelihood Ratio Test (GLRT) statistic:

T (z) = −2 ln
L(θ̂0|z)
L(θ̂|z)
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GLRT for Robust GoF

P(Z)

H0 : P ∈ C

Robust Goodness of Fit (GoF) Test

H1 : P ∈ Cc

C

Generalized Likelihood Ratio Test (GLRT) for Robust GoF

Test Statistics:

DROB
KL (TZ n∥C) = inf

P∈C
DKL(TZ n∥P)

Test: DROB
KL (TZ n∥C) ≤ rn

P(Z)

H0 : P ∈ C

Robust Goodness of Fit (GoF) Test

H1 : P ∈ Cc

C

Q
P ∗

β′ = DKL(P
∗∥Q)

P∗ = argmin
P∈C

DKL(P∥Q)

Project Q onto the class C. P∗ minimizes the KL
Divergence between Q and C
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2-Sample Test as an Extension of Robust GoF Test

P(Z)

H0 : P ∈ C

Robust Goodness of Fit (GoF) Test

H1 : P ∈ Cc

C

GLRT for Robust GoF

Test Statistics:

DROB
KL (TZ n∥C) = inf

P∈C
DKL(TZ n∥P)

Test: DROB
KL (TZ n∥C) ≤ rn

P(Z)× P(Z)

H0 = {(p, q) : p = q}

Θ = P(Z)× P(Z)

Θ0 = {(P1,P2) ∈ Θ: P1 = P2}

Test statistic of 2-sample test:

T(xn, yn) = 4nDJS(Txn∥Tyn)
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GLRT for 2-Sample Test

P(Z)

H0 : P ∈ C

Robust Goodness of Fit (GoF) Test

H1 : P ∈ Cc

C

Q
P ∗

First-order term for Robust GoF

β′ = DKL(P
∗∥Q)

P∗ = argmin
P∈C

DKL(P∥Q)

Project Q onto the class C. P∗ minimizes
the KL Divergence between Q and C

P(Z)× P(Z)

H0 = {(p, q) : p = q}
(P1, P2)

(P ∗, P ∗)

DROB
KL ((TX n ,TY n)∥C) = inf

(P1,P2)∈C
DKL((TX n ,TY n)∥(P1,P2))

= 4nDJS(TX n∥TY n)

β′ = DKL((P
∗,P∗)∥(P1,P2))

(P∗,P∗) = arg min
(P,P)∈C

DKL((P,P)∥(P1,P2))

P∗(z) =

√
P1(z)P2(z)∑

z′∈Z
√
P1(z ′)P2(z ′)
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Two-Sample Test: Asymptotics of GLRT

For ϵ ∈ (0, 1), if αn(Tn) ≤ ϵ as n → ∞, then maximize β′ = lim
n→∞

− 1
n lnβn(Tn)

GLRT, Gutman test and JS divergence test are equivalent

Connection to robust GoF as a bi-variate sequence

β′ = DKL((P
∗,P∗)∥(P1,P2))

= DKL(P
∗∥P1) + DKL(P

∗∥P2)

β′ = min
P∈P(Z)

{
DKL(P∥P1) + DKL(P∥P2)

}
= 2DB(P1,P2)

P(Z)× P(Z)

H0 = {(p, q) : p = q}
(P1, P2)

(P ∗, P ∗)

GLRT (Gutman test) shows that − lnβn(Tn) = n2DB(P1,P2) + o(n)

Second-order term scales as
√
n, so we have − lnβn(Tn) = n2DB(P1,P2) + O(

√
n)
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Second-order Asymptotics of GLRT

Since − lnβn(Tn) = n2DB(P1,P2) + O(
√
n), we can define the second-order term as

β′′ = lim
n→∞

− lnβn(Tn)− nβ′
√
n

, where β′ = 2DB(P1,P2)

Theorem

For 0 < ϵ < 1, there exists a sequence rn satisfying αn(T
DJS
n (rn)) ≤ ϵ such that, as n → ∞,

− lnβn(T
DJS
n (rn)) = n2DB(P1,P2)−

√
n(VKL(P∗∥P1) + VKL(P∗∥P2))

√
Q−1

χ2
k−1

(ϵ) + o

(√
n

)
Qχ2

m
(·): tail probability of χ2 RV with m degrees of freedom

β′′
GT = −

√
VKL(P∗∥P1) + VKL(P∗∥P2)

√
Q−1

χ2
k−1

(ϵ)

VKL(P∥Q) - divergence variance:

VKL(P∥Q) ≜
∑
i

Pi

[(
ln

Pi

Qi
− DKL(P∥Q)

)2
]

P∗ = argminP∈C DKL(P∥P1) + DKL(P∥P2)
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Key step: Convergence of the test static

Convergence of n
2DJS(PX n∥PY n) to a chi-square random variable with |Z| − 1 degrees of freedom

n

2
DJS(PX n∥PY n)

d→ χ2
|Z|−1 as n → ∞

Convergence of the test statistics helps to
choose threshold rn = Θ( 1n ) properly

For more details...
https://arxiv.org/pdf/2601.09196
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Abstract—In two-sampling testing, one observes two indepen-
dent sequences of independent and identically distributed random
variables distributed according to the distributions P1 and P2 and
wishes to decide whether P1 = P2 (null hypothesis) or P1 →= P2

(alternative hypothesis). The Gutman test for this problem
compares the empirical distributions of the observed sequences
and decides on the null hypothesis if the Jensen-Shannon (JS)
divergence between these empirical distributions is below a given
threshold. This paper proposes a generalization of the Gutman
test, termed divergence test, which replaces the JS divergence by
an arbitrary divergence. For this test, the exponential decay of
the type-II error probability for a fixed type-I error probability
is studied. First, it is shown that the divergence test achieves
the optimal first-order exponent, irrespective of the choice of
divergence. Second, it is demonstrated that divergence tests with
invariant divergences achieve the same second-order asymptotics
as the Gutman test. In addition, a connection between two-sample
testing and robust goodness-of-fit testing is established.

I. INTRODUCTION

Two-sample testing is a fundamental problem in statis-
tical hypothesis testing. In this problem, we observe two
independent and identically distributed (i.i.d.) sequences Xn

and Y n, generated according to the distributions P1 and P2,
respectively. We wish to determine whether the two sequences
are sampled from the same underlying distribution. This leads
to the following binary hypothesis testing problem:

H0 : P1 = P2 vs. H1 : P1 →= P2.

The two-sample testing problem has a long history in statistics
and machine learning. A classical test for this problem was
proposed by Kolmogorov and Smirnov in the 1930s, known as
the Kolmogorov–Smirnov (KS) test [1]. The KS test compares
the empirical cumulative distributions of the two sequences
and rejects the null hypothesis when their maximum difference
exceeds a threshold. A closely related problem was considered
by Gutman [2], where two training sequences corresponding to
distributions P1 and P2 are given, and the goal is to determine
whether an additional test sequence was generated according
to P1 or P2. This problem is particularly relevant in supervised
learning, since many binary classification problems can be
formulated as the instances of the Gutman test. In the machine
learning literature, two-sample testing has also been studied

T. Koch has received funding from the Spanish Ministerio de Cien-
cia, Innovación y Universidades under Grant PID2024-159557OB-C21 (MI-
CIU/AEI/10.13039/501100011033 and ERDF/UE) and from the Comunidad
de Madrid under Grant IDEA-CM (TEC-2024/COM-89). J. Ravi has received
funding from IIT Kharagpur under a Faculty Start-up Research Grant (FSRG).

via kernel-based methods, most notably through the Maximum
Mean Discrepancy (MMD), where the MMD between the two
observed sequences is compared against a threshold [3].

The asymptotic performance in Stein’s regime of MMD-
based two-sample testing was analyzed in [4]. Specifically, the
authors studied the decay rate of the type-II error probability
ωn as n ↑ ↓ given that the type-I error εn remains below
a fixed ϑ ↔ (0, 1). It was shown that the error exponent of ωn

of the MMD-based test is given by twice the Bhattacharyya
distance. It was further shown that this exponent is, in fact,
the largest achievable error exponent among all two-sample
tests. A similar asymptotic analysis was carried out by Zhou,
Tan and Motani for the Gutman test [5], who showed that
the Gutman test also achieves an error exponent equal to
twice the Bhattacharyya distance. It is noted that the Gutman
test can be interpreted as comparing the Jensen–Shannon (JS)
divergence [6, Eq. (7.8)] between the empirical distributions
of Xn and Y n to a threshold. They further studied the second-
order asymptotics of the two-sample test under the assumption
that the JS divergence between P1 and P2 exceeds a given ϖ
[5]. In particular, they characterized the first-order and second-
order behaviors of the type-I error εn given that the type-II
error ωn remains below a fixed ϑ ↔ (0, 1).

It can be shown that, for distributions over finite alphabets,
the MMD is a divergence in the sense defined in the informa-
tion geometry literature [7]. Thus, a natural question that arises
is what happens when the MMD or the JS divergence in the
two-sample test is replaced by another divergence measure.
The main focus of this paper is to analyze the asymptotic
performance in Stein’s regime of divergence-based two-sample
tests, where the empirical distributions of Xn and Y n are
compared using a general divergence. In particular, we focus
on the asymptotic behavior of the type-II error given that the
type-I error εn is below a fixed ϑ ↔ (0, 1).

We show that the divergence test achieves the optimal first-
order error exponent irrespective of the divergence. We further
establish the second-order asymptotics of divergence tests with
invariant divergences (see Definition 2). The class of invariant
divergences is large and includes the Rényi divergence and the
f -divergences, which in turn include the JS divergence and the
Kullback-Leibler (KL) divergence [6, Ch. 7], [8]. Our results
demonstrate that divergence tests with invariant divergences
achieve the same second-order asymptotics as the Gutman test.
In addition, we establish a connection between the Gutman test
and the robust goodness-of-fit testing problem.
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Key step: Convergence of the test static

Convergence of n
2DJS(PX n∥PY n) to a chi-square random variable with |Z| − 1 degrees of freedom

n

2
DJS(PX n∥PY n)

d→ χ2
|Z|−1 as n → ∞

Convergence of the test statistics helps to
choose threshold rn = Θ( 1n ) properly

For more details...
https://arxiv.org/pdf/2601.09196
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Abstract—In two-sampling testing, one observes two indepen-
dent sequences of independent and identically distributed random
variables distributed according to the distributions P1 and P2 and
wishes to decide whether P1 = P2 (null hypothesis) or P1 →= P2

(alternative hypothesis). The Gutman test for this problem
compares the empirical distributions of the observed sequences
and decides on the null hypothesis if the Jensen-Shannon (JS)
divergence between these empirical distributions is below a given
threshold. This paper proposes a generalization of the Gutman
test, termed divergence test, which replaces the JS divergence by
an arbitrary divergence. For this test, the exponential decay of
the type-II error probability for a fixed type-I error probability
is studied. First, it is shown that the divergence test achieves
the optimal first-order exponent, irrespective of the choice of
divergence. Second, it is demonstrated that divergence tests with
invariant divergences achieve the same second-order asymptotics
as the Gutman test. In addition, a connection between two-sample
testing and robust goodness-of-fit testing is established.

I. INTRODUCTION

Two-sample testing is a fundamental problem in statis-
tical hypothesis testing. In this problem, we observe two
independent and identically distributed (i.i.d.) sequences Xn

and Y n, generated according to the distributions P1 and P2,
respectively. We wish to determine whether the two sequences
are sampled from the same underlying distribution. This leads
to the following binary hypothesis testing problem:

H0 : P1 = P2 vs. H1 : P1 →= P2.

The two-sample testing problem has a long history in statistics
and machine learning. A classical test for this problem was
proposed by Kolmogorov and Smirnov in the 1930s, known as
the Kolmogorov–Smirnov (KS) test [1]. The KS test compares
the empirical cumulative distributions of the two sequences
and rejects the null hypothesis when their maximum difference
exceeds a threshold. A closely related problem was considered
by Gutman [2], where two training sequences corresponding to
distributions P1 and P2 are given, and the goal is to determine
whether an additional test sequence was generated according
to P1 or P2. This problem is particularly relevant in supervised
learning, since many binary classification problems can be
formulated as the instances of the Gutman test. In the machine
learning literature, two-sample testing has also been studied
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observed sequences is compared against a threshold [3].

The asymptotic performance in Stein’s regime of MMD-
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tests, where the empirical distributions of Xn and Y n are
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authors studied the decay rate of the type-II error probability
ωn as n ↑ ↓ given that the type-I error εn remains below
a fixed ϑ ↔ (0, 1). It was shown that the error exponent of ωn
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distance. It was further shown that this exponent is, in fact,
the largest achievable error exponent among all two-sample
tests. A similar asymptotic analysis was carried out by Zhou,
Tan and Motani for the Gutman test [5], who showed that
the Gutman test also achieves an error exponent equal to
twice the Bhattacharyya distance. It is noted that the Gutman
test can be interpreted as comparing the Jensen–Shannon (JS)
divergence [6, Eq. (7.8)] between the empirical distributions
of Xn and Y n to a threshold. They further studied the second-
order asymptotics of the two-sample test under the assumption
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[5]. In particular, they characterized the first-order and second-
order behaviors of the type-I error εn given that the type-II
error ωn remains below a fixed ϑ ↔ (0, 1).

It can be shown that, for distributions over finite alphabets,
the MMD is a divergence in the sense defined in the informa-
tion geometry literature [7]. Thus, a natural question that arises
is what happens when the MMD or the JS divergence in the
two-sample test is replaced by another divergence measure.
The main focus of this paper is to analyze the asymptotic
performance in Stein’s regime of divergence-based two-sample
tests, where the empirical distributions of Xn and Y n are
compared using a general divergence. In particular, we focus
on the asymptotic behavior of the type-II error given that the
type-I error εn is below a fixed ϑ ↔ (0, 1).

We show that the divergence test achieves the optimal first-
order error exponent irrespective of the divergence. We further
establish the second-order asymptotics of divergence tests with
invariant divergences (see Definition 2). The class of invariant
divergences is large and includes the Rényi divergence and the
f -divergences, which in turn include the JS divergence and the
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demonstrate that divergence tests with invariant divergences
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Extending to other divergences: Divergence Test

Consider using divergences such as KL divergence or Rényi divergence

Can we extend the test to other divergences: Gutman-like test?

Divergence test: TD
n (r) for testing H0 : P1 = P2, H1 : P1 ̸= P2

Upon observing xn and yn:

if D(PX n∥PY n) ≤ rn, (for some rn > 0), then accept H0, i.e., P1 = P2

if D(PX n∥PY n) > rn, then accept H1, i.e., P1 ̸= P2

Jithin Ravi (IIT Kharagpur) Divergence Tests for Universal Hypothesis Testing September 2026 40 / 44



Extending to other divergences: Divergence Test

Consider using divergences such as KL divergence or Rényi divergence
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First-Order Term of Divergence Test

First-order is the same as that of GLRT. If αn(T
D
n (rn)) ≤ ϵ as n → ∞, then

lim
n→∞

− lnβn(T
D
n (rn))

n
= 2DB(P1,P2)

n
2D(PX n∥PY n) converges in distribution to the generalized chi-square distribution χ2

λ,k−1 with
vector parameter λ and k − 1 degrees of freedom

Choose rn = ω
(
1
n

)
and rn = o(1)

Such an rn gives that limn→∞ αn

(
TD
n (rn)

)
= 0, and

lim
n→∞

− lnβn(T
D
n (rn))

n
= 2DB(P1,P2)

To obtain the optimal second-order term, we need to choose rn = Θ( 1n )

We consider the second-order term for the tests with invariant divergences
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Second-order for Test with Invariant Divergence

For an invariant divergence, Σ
−1/2
P AD,PΣ

−1/2
P is a multiple of identity matrix.

Theorem

For invariant divergence D, for 0 < ϵ < 1, ∃ rn satisfying αn(T
D
n (rn)) ≤ ϵ such that, as n → ∞,

− lnβn(T
D
n (rn)) = n2DB(P1,P2)−

√
n(VKL(P∗∥P1) + VKL(P∗∥P2))

√
Q−1

χ2
k−1

(ϵ) + o

(√
n

)
Qχ2

m
(·): tail probability of χ2 RV with m degrees of freedom

Test with any invariant divergence also achieves the same second-order term as the Gutman test

VKL(P∥Q) - divergence variance:

VKL(P∥Q) ≜
∑
i

Pi

[(
ln

Pi

Qi
− DKL(P∥Q)

)2
]

P∗ = argminP∈C DKL(P∥P1) + DKL(P∥P2)
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On Tests using Non-Invariant Divergence

Invariant Divergence: n
2D(PX n∥PY n) converges to a chi-square random variable

n

2
D(PX n∥PY n)

d→ χ2
|Z|−1 as n → ∞

Non-Invariant Divergence: nD(PX n∥PY n) converges to a generalized chi-square random variable

n

2
D(PX n∥PY n)

d→ χ2
λ,|Z|−1 as n → ∞

λ are the eigenvalues of the matrix Σ
−1/2
P AD,PΣ

−1/2
P

Since λ is a function of P, test not knowing P makes it challenging to find a suitable threshold
rn > 0.

Invariant Divergence: Convergence of n
2D(PX n∥PY n) under H0 is independent of underlying P
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Conclusions

One-Sample Test: Observe Z n

GoF: Observe H0 : P vs. H1 : Q = P \ {P}
Divergence test: If D(tZ n∥P) ≤ rn, then H0

Is first-order optimal: Achieves DKL(P∥Q)

Second-Order asymptotics:

▶ Invariant D: same second-order term as the
Hoeffding test

▶ Non-invariant D: Can outperform the
Hoeffding test

Two-Sample Test: Observe X n ∼ P1 and Y n ∼ P2

To test: H0 : P1 = P2 vs. H1 : P1 ̸= P2

Divergence test: If D(PX n∥PY n) ≤ rn, then H0

Is first-order optimal: Achieves 2DB(P1,P2)

Second-Order asymptotics:
▶ Invariant D: same second-order term as

Gutman test

▶ Non-invariant D: Second-order term yet to
be analyzed

Still Open: One and Two-Sample tests beyond finite alphabets

Thank You
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